The necessary conditions to derive the quantum VdW EoS with hard-core repulsion from the quantum partition are discussed. On a plausible example it is shown that an alternative way to account correctly for the 3-rd virial coefficient of classical hard spheres leads to inconsistencies. The multicomponent formulation of the quantum VdW EoS with hard-core repulsion is derived within a self-consisting approximation. For practical applications it is simplified, extended to higher densities and generalized to the case of hard convex bodies of any dimension D ≥ 2.
I. INTRODUCTION
The concept of hard-core repulsion plays an important role in the statistical mechanics of classical systems since it allows one to correctly account for the basic properties of real gases at short distances despite of its simplicity. Furthermore, the systems of hard spheres and hard discs have played the role of test sites to demonstrate the power of novel mathematical methods and new ideas in physics for decades. Since the invention of the Van der Waals (VdW) equation of state (EoS) [1] a great progress in extending the hard spheres EoS to the high packing fractions has been achieved [2, 3] .
Unfortunately, this is not the case for quantum systems, since the rigorous quantum statistical treatment of dense systems is extremely difficult. Moreover, even for a single sort of particles the quantum VdW EoS with the hard-core repulsion was never obtained from the quantum grand canonical partition and the conditions that are necessary for such a derivation were never clearly stated and discussed. However, the intensive experimental studies of nuclear [4, 5] and hadronic [6] [7] [8] systems and other phases of strongly interacting matter [9] require the quantum EoS with multicomponent hard-core repulsion, i.e. with many different hard-core radii of particles. Besides, the realistic quantum EoS are absolutely necessary to model the properties of dense quantum systems which can be nowadays studied in atomic traps.
Recently the situation is improving, since presently there exist two quantum EoS which, in principle, allow one to go beyond the second virial coefficient, but none of them was, so far, obtained from the quantum partition function. The first of these quantum EoS suggested in Ref. [10] is a generalization of a famous onecomponent Carnahan-Starling EoS [11] . However, it was obtained in the canonical ensemble by replacing the total volume of the system V by the volume V av that is available for the motion of N particles in a free energy of some abstract system. Despite its thermodynamic consistency, in the grand canonical ensemble the generalization of Carnahan-Starling EoS suggested in Ref. [10] looks somewhat unnatural, since it contains not only the native variables of this ensemble, i.e. the temperature T and chemical potential µ, but also the particle number density. Moreover, below it will be shown that without additional assumptions it cannot be derived from the quantum partition.
Another quantum EoS of such type is based on the concept of induced surface tension (IST) [5, 12] which allows one to account for the second, third and fourth virial coefficients of classical hard spheres [6] . In contrast to the quantum generalization of Carnahan-Starling EoS of Ref. [10] , the IST one is formulated solely in the grand canonical variables and from the very beginning it is written for a mixture of an arbitrary number of sorts of particles [4, 12] . The IST EoS can be derived in two ways (compare the derivations of Refs. [4] and [5] ), but both of them are heuristic. In particular, in Ref. [5] the IST EoS was derived in the grand canonical ensemble using the generalization of a popular trick to replace the chemical potential µ by a shifted one µ −→ µ − bp [13] , where b is the excluded volume of a pair of particles and p is the system pressure.
Unfortunately, the absence of a rigorous mathematical procedure on how to generalize the classical EoS to the quantum system leads to the appearance of the statements that the usual VdW procedure by replacing the total volume of the system by the available one (and its equivalent in the grand canonical ensemble µ −→ µ − bp suggested in [13] and generalized in [5, 12] ) is not a unique one [14] . Althrough there was a strong critique of such claims [12] , it is mathematically involved and, therefore not widely available. Thus, a rigorous derivation of the quantum VdW EoS and its multicomponent generalizations like the quantum IST EoS [5, 12] are absolutely necessary, since these are the basic tasks of the quantum statistics of interacting particles. Moreover, due to the fast development of atomic traps and the corresponding possibilities to study the EoS of dense quantum systems such analysis is highly desirable.
The work is organized as follows. In Sect. 2 the quantum VdW EoS is obtained by the Laplace transform method from quantum grand canonical partition. The pitfalls of the alternative "derivation" to account for the third virial coefficient of classical hard spheres in a quantum EoS are closely discussed in Sect. 3. The de-tailed analysis of the excluded volume of the mixture of hard spheres of different radii and the corresponding EoS of hard spheres and hard convex particles are given in Sect. 4, while Sect. 5 is devoted to conclusions.
II. 2. BRIEF DERIVATION OF QUANTUM VDW EOS FOR HARD SPHERES
In all textbooks on statistical mechanics it is written that the VdW EoS for Boltzmann statistics cannot be rigorously derived, since it is an extrapolation of the low density expansion to high densities. Therefore, it is of great interest and importance to derive the quantum VdW EoS for a gas with hard-core repulsion. In contrast to the heuristic treatment of the quantum VdW EoS of Refs. [15, 16] here, for simplicity, we consider only the hard-core repulsion and start the discussion with the energy spectrum of the system of one sort of particles. The particles with a hard-core repulsion, classical or quantum, behave as an ideal gas since the particles that do not touch each other have zero potential energy, whereas in the case when they touch each other their potential energy is infinite, but such states cannot contribute into the partition. Hence, we neglect the effects of Lorentz contraction of the eigen volume V 0 of the particles [17, 18] and consider the dilute systems and low temperatures compared to the particle mass m.
Suppose that {e k } is a set of all possible energies of a single particle. Then the total energy of an ideal gas with hard-core repulsion is E = ′ k n k e k and the total number of particles of the system of volume V is N = ′ k n k , where the primed summations denote the sum not over the energy levels, but over the different states of a particle. Hence, if the level with energy e k has a degeneracy g k , then in the primed summations such a level, corresponding to the energy e k , is taken into account exactly g k times. Now we can write the quantum partition of such a system as
Here µ is the chemical potential of the system, while T is its temperature and b = 4 V 0 denotes the excluded volume per pair of particles (classical second virial coefficient), while V 0 is an eigen volume. The Θ-function in Eq. (1) allows one to formally extend the summation over N to infinity, but in fact it restricts such a sum to a finite value of max{N } = [V /b]. This is the first simplification of the VdW approximation, since the dense packing of particles corresponds to a larger number N dens ≃ [0.741V /V 0 ] ∼ 3 max{N }, but if we use the correct number N dens the low density limit will be wrong (see below). In order to find the correct thermodynamic limit of the partition (1) we use the technique of the Laplace transform with respect to V to the isobaric partition [19] 
...e
where in the last equation above we changed the variable V to the available volumeṼ = V − b(n 1 + n 2 + ...) and accounted for the extra terms in the exponential functions with a corresponding value of n k . This change of variable allows us to sum over the values of n k to get rid of the Θ-function and to express the partition as a product over all levels of energy
Henceforth, for definiteness' sake, we will mainly analyse the systems with the Fermi-Dirac statistics (FD), but we will also give the answers for the Bose-Einstein (BE) one in the appropriate places. Hence, the sum over n k under the logarithm symbol can be written as
In order to make the integration overṼ we have to make the usual Thomas-Fermi approximation for the density of discrete levels of energy (density of states) [20] 
Note, however, that compared to the ideal gas case considered in textbooks the volume of the system in Eq.
(5) has to be replaced by the available volumeṼ . A word of caution has to be said here with respect to the degeneracy: for low densities the prescription (5) with g k = g = const is reasonable, but for high densities it is possible that one has to assume an energy dependence of g k . Actually, one of a few principle purposes to make this analysis was a necessity to motivate the experimental work to study the hard-core repulsion in quantum systems at high densities in order to clarify the possible energy dependence of g k . Assuming in this work that g k = g = const is the spinisospin degeneracy of considered particles we can make integration in Eq. (3) and get the isobaric partition
for the model one (M1, hereafter). In what follows the upper (lower) sign will be for FD (BE) statistics. Similarly to the analysis of Ref. [19] it is easy to show that in the thermodynamic limit V → ∞ the rightmost singularity of the partition (6) is the simple pole λ 0 defined as
which is located on the real axis in the complex plane of λ. Then after making the inverse Laplace transform
where the integration contour in the complex λ-plane is chosen to the right-hand side of the rightmost singularity, i.e. χ > λ 0 (see [19] for more details). From Eq. (8) in the thermodynamic limit V → ∞ one finds the system pressure as [20] . Equation for p in this limit becomes
where e(k) ≡ √ k 2 + m 2 is the relativistic energy of a particle of mass m and ν ≡ µ − bp is the shifted chemical potential. Thus, Eq. (9) justifies the shift of the chemical potential µ suggested in Ref. [13] to introduce the quantum hard-core repulsion in the grand canonical ensemble.
In order to show that the pressure (9) is, indeed, similar to the VdW EoS at low densities one has to find out the particle number density n, to write the quantum virial expansion and substitute in it the expression for density. Although this is a known subject, see, for instance, [20] and a detailed analysis of quantum virial expansion made in Ref. [12] , for our purposes it is sufficient to consider the low density limit, i.e. if max{ω(k, p/T )} ≪ 1. Then for the particle number density n one finds
where the particle number density of point-like particles n id (T, ν) is expanded in powers of the Boltzmann exponential ω(k, p/T ). Similarly expanding the ln(1 ± ω(k, p/T )) function in this limit, one obtains
where the quantum virial expansion of p id (T, ν) for pointlike particles (ideal gas) in terms of quantum virial coefficients a (0) j and powers of n id (T, ν) is used. The explicit formulas for a (0) j can be found in [12, 20] . However, for our purpose it is important that such an expansion can be obtained from Eqs. (9) and (13) . Substituting the right Eq. (10) into expression for pressure (13) , one finally gets
where the first term on the right-hand side of Eq. (14) is the Boltzmann gas pressure, while the other terms are the quantum corrections. Since the coefficients a (0) j do not depend on ν, but only on the temperature T [12, 20] , Eq. (14) is the quantum VdW EoS in the canonical ensemble variables T and n.
III. 3. GOING BEYOND THE VDW APPROXIMATION
Above we have seen that in contrast to the claims of Ref. [14] there is no ambiguity in deriving the quantum gas pressure with the hard-core repulsion. Nevertheless, now we modify the derivation of the preceding section in order to demonstrate how dangerous the outcome of the suggestion of Ref. [14] to modify the system volume via the effective degrees of freedom may be. For pedagogical reasons, we consider only an inclusion of the third classical virial coefficient into the quantum partition. Here we follow the suggestion of Ref. [14] to modify the number of degrees of freedom, or degeneracy factor g. Hence instead of Eq. (5) we write (15) where the additional factor G(λ) is introduced. Note that one could, of course, introduce some complicated functionñ(T, µ) by hand and consider the dependence G(ñ (T, µ) ) instead of G(λ). At the end of the derivation one could of course choose the former function G in such a way thatñ(T, µ) would coincide with the particle number density n of the system. Such a trick is employed in Ref. [10] to generalize the Carnahan-Starling EoS to the quantum case. One should, however, remember that at this stage of the derivation neither the pressure of the (15), then in the absence of additional assumptions, i.e. in the simplest case, a mathematical consistency requires that G(λ) must depend on λ only. The practical reason for such a choice is that for dilute systems that are analysed in this section the quantity p/T is the particle number density of point-like particles (see Eq. (13) for M1 and below for this model).
Assuming that the factor G(λ) does not generate the rightmost singularity of the isobaric partition Q(T, µ, λ), one can repeat the steps of deriving Eqs. (6)- (8) for the hypothesis (15) and obtain the following result for the system pressure in the thermodynamic limit
where the pressure of point-like particles p id (T, ν) with the shifted chemical potential ν is given by the righthand side of Eq. (9), since the pressure of M1 is indeed the pressure of an ideal gas with the shifted value for the chemical potential ν. Hence, the definition of the particle number density of such particles n id (T, ν) coincides with the right-hand side of Eq. (11). Then the particle number density of the present model (M2 hereafter) is
where the notation
is introduced. For dilute systems one can substitute the virial expansion (13) for p id (T, ν) into Eq. (18) and express the density of point-like particles as
Expansion of p id (T, ν) in Eq. (17) according to Eq. (13) with the simultaneous substitution of (19) into (17) allows one to write the pressure of M2 as
.
In order to reveal the effect of modifying the degeneracy factor on the quantum virial expansion of M2 let us consider one of the simplest choices for the function G(ρ)
which contains two constants c 3 and c 4 whose meaning will be clear in a moment. This example allows us to get the quantum third virial coefficient for a dilute system, by writing
2 ≃ 1, where in the last step we approximated the M2 pressure by the ideal gas one nT . Furthermore, expanding the denominator of Eq. (20) with respect to the powers of G ′ (ρ)/G(ρ), one gets
where the shorthand notation
2 n id + a 
which allows us to easily find the relation between the quantum third virial coefficients of M1 and M2. Indeed, since the virial expansion for any pressure is defined as and all higher order coefficients. Hence, one can write
where for a 
Since the ideal gas pressure p id (T, ν) is a monotonously increasing function of the variables T and ν, then the solution of inequality (25) is T ≤ T lim (ν), where it is assumed that for T = T lim (ν) the inequality (25) is obeyed as equality. Apparently, the same conclusion is valid for a zero value of the coefficient c 4 , since for c 3 = −6V 2 0 < 0 there is a strong enhancement of pressure due to G(ρ).
Note that the existence of limiting temperature for the quantum VdW EoS of pion gas with both the hard-core repulsion and attraction was recently found in Ref. [21] . However, from the example considered above one sees that such an extravagant behaviour is common for both types of quantum statistics and it is generated by the enhancement of the system degeneracy factor.
For negative values of the coefficients c 4 and c 3 = −6V 2 0 the limiting temperature does not exist, since in this case one, indeed, has a suppression of the degeneracy factor. However, such a model is also defective, since in the limit of Boltzmann statistics for high values of ρ in addition to the usual hard-core repulsion due to excluded volume b, the G(ρ) factor provides an extra suppression, which increases the resulting excluded volume b + c3 c4 > 4V 0 . This means that such EoS becomes invalid at lower packing fractions than the classical VdW one.
The example considered above clearly demonstrates the fact that improvement of the hard-core repulsion interaction by modifying the degeneracy factor leads to severe problems of the obtained EoS. Evidently, these problems are generated by the trick to move the free energy of interacting particles from the statistical operator to the factor modifying the degeneracy of particles. Therefore, neither the statement of non-uniqueness of the procedure to include the hard-core repulsion into quantum gases [14] nor the generalization of the Carnahan-Starling EoS to quantum systems that uses a trick to modify the degeneracy factor [10] look at the moment consistent with the derivation based on evaluating the quantum partition.
IV. 4. EXCLUDED VOLUME OF MULTICOMPONENT SYSTEMS
In order to derive the quantum EoS for several sorts of particles with different hard-core radii we employ an entirely new approach. First, we evaluate the excluded volume of the multicomponent system within a selfconsistent treatment for 3-dimensional hard spheres. Second, using the freedom that the excluded volume does not fix the 3-rd, 4-th and higher order virial coefficients, we introduce the phenomenological parameters that allow us to account for the higher order virial coefficients not only for hard spheres, but for any convex particles. Finally, we generalize this scheme to any dimension D ≥ 2.
Consider now K ≥ 1 sorts of quantum particles of different statistics with the masses m K , chemical potentials µ K and hard-core radii R K . Assume that the total particle number of K-th sort is N K = n K,1 + n K,2 + n K,3 + ... and they have energy E K = e K,1 n K,1 + e K,2 n K,2 + e K,3 n K,3 + ..., while the total number of particles is
Here n K,l is the number of particles of sort K occupying the energy level e K,l . Assuming that the hard-core repulsion can be taken into account via the excluded volume V excl , one can write a multicomponent analog of partition (1) as
here the excluded volume of all pairs taken per particle is
Since an exact evaluation of the partition (26) with excluded volume (27) is very complicated, we are going to simplify Eq. (27) by introducing statistical average quantities. Writing explicitly the binomial in Eq. (27) and regrouping the terms with powers of R K one finds
where in the first equality above we introduced the eigen
2 K and eigen (double) perimeter c K = 4πR K of K-th sort of spheres and the powers of hard-core radii
In the second equality above we introduced the closest packing volume of each sort of sphere v *
≃ 0.741 and the compensative "mean-field" term which is proportional to u K = 1 − 1/q ≃ −0.35. With these notations Eq. (29) is exact, but now we introduce the self-consistent approximation for it by replacing the exact averaging in the excluded volume expression (29) with the statistical ones (for n = 1, 2, 3)
where
is the mean number of particles of L-th sort found from the partition (26) . Assuming that the partition (29) under approximation (30) is known, then the quantity R n can be found from it as
Under approximation (30) the excluded volume (29) becomes a linear function of N K and, therefore, the partition (26) can be found by repeating the formal steps of deriving Eqs. (2)- (8) . Moreover, in the thermodynamic limit the formal expression for the approximated partition (26) 
In Eq. (32) the shifted chemical potential (33) is set for each sort of particle, e K (k) = k 2 + m 2 K denotes the energy of K-th sort of particle and the parameter a K = −1 should be taken for the BE statistics, while for the FD one it must be set to a K = 1. Calculating the partial derivative
∂µK from Eq. (32) as a derivative of the implicit function p M3 , one can write the quantity R n (31) as
where we introduced the density of point-like particles n (32) is a quantum generalization of the approach of Refs. [22, 23] , but in contrast to Refs. [22, 23] and their followers, the coefficients of surface 0.5R 1 and curvature 0.5R 2 tensions are not the fitting parameters, but are defined by the system (32)-(34).
Our next step is to generalize the system (32)-(34) to convex particles of arbitrary shape and to extend it to higher densities. For these aims one has to not only consider the eigen volume of convex particle of K-th sort v 
where we used the first subscript 1 for both particles. Introducing now the equivalent sphere radius as s 1 ≡ 4πR 
are used. This example shows us that the IH formula has a structure of the excluded volume of Eq. (28) Although the system (32)-(34) is derived under a selfconsistent approximation, for the practical purposes it looks rather complicated and, hence, we simultaneously simplify it and extrapolate to higher densities. First, we recall that for low densities one can approximate the pressure (32) using the lowest density term in the virial expansion as
where we introduced the partial pressure for each sort of particle p K id (T, ν 0 K ) and approximated it by the ideal gas one. For such an approximation the terms R n p M3 appearing in the expression for the shifted chemical potential (33) can be approximated as
where in the second step of the derivation we reverted the approximation T n [27] for a rigorous derivation), we adopt it and extrapolate it to all densities in the quantum case. Taking into D K , the 2-dimensional eigen surface s K by the (D − 1)-dimensional eigen hyper-surface and so on in them, to have at the end D + 1 equations similar to the system (42)-(46). Since the virial coefficients of classical hard spheres are known for higher dimensions [30] , they can be used in the system (42)-(46). Having the virial coefficients for the D-dimensional classical hard convex particles one can determine their parameters v * K , s K , c K etc from the fitting pressure p or the compressibility factor and write the all necessary parameters for the system (42)-(46).
V. CONCLUSIONS
In this work we discussed the necessary conditions to derive the quantum VdW EoS with hard-core repulsion directly from the quantum partition. Using a plausible example it is shown that an alternative way to account for the hard-core repulsion suggested in Ref. [14] leads to severe inconsistencies. The multicomponent formulation of the quantum VdW EoS with hard-core repulsion is derived within the self-consisting approximation. For practical applications it is simplified, extrapolated to higher densities and also generalized to the case of hard convex bodies. For the first time, the suggested approach allows one to treat the hard spheres and hard convex bodies of various dimensions D ≥ 2 on the same footing. The model parameters can be determined from the best description of classical systems and then used in the quantum EoS. Since this approach is formulated solely in terms of the grand canonical variables, it can be used to model the properties of many physical systems with non-conserved number of particles. In particular, it can be used for the mixtures of constituents with very different physical properties like a mixture of hadrons, nuclei and bags of quark-gluon plasma which are hard to model within the other approaches.
